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In this paper, the capability of ﬁve different yield functions to predict the forming limit diagram (FLD) of
the continuous cast 5754 Aluminum sheet has been compared with focus on the differences in the
predicted limit strains based on the method of determining the yield function parameters. The yield func-
tions proposed by Hill (1948, 1990, 1993), Barlat and Lian (1989), and Plunkett et al. (2008) have been
considered in this study. The FLDs have been calculated numerically based on the above mentioned yield
functions together with the Marciniak–Kuczynski (M–K) approach. Simulations show that the predicted
FLDs strongly depend on the method of determining the material parameters (used in the yield functions)
and the corresponding shape of the yield surface. Furthermore, simulations show that for biaxial stretch-
ing, the shape of the yield surface is the most dominant factor affecting the FLD.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
In industrial sheet metal forming operations involving thin
sheets, formability is limited by the onset of localized necking
(i.e. Kuroda and Tvergaard, 2000). Forming limit diagrams (FLDs),
ﬁrst proposed by Keeler (1965) and Goodwin (1968), has proved
to be a useful tool to represent conditions for the onset of necking
and evaluate formability of sheet metals. However, determining
FLDs experimentally can be time consuming and expensive result-
ing in a great interest in employing numerical models to simulate
FLDs. The Marciniak–Kuzynski (M–K) analysis has been one of the
most commonly used approaches for numerical determination of
FLDs. In the so-called M–K analysis, thickness imperfections of inﬁ-
nite length are introduced to simulate pre-existing defects in the
sheet material. It has been shown that the presence of even slight
intrinsic inhomogeneities in load bearing capacity throughout a
deforming sheet can lead to unstable growth of strain in weaker re-
gions, causing localized necking and failure. Necking is considered
to occur when the ratio of the thickness in the imperfection to the
nominal thickness of the sheet is below a critical value. Further
developments to this approach were presented by Hutchinson
and Neale (1978).
The M–K approach has been used extensively in numerical
analyses based on constitutive models at two different length
scales; microscale and macroscale. The microscale modelsll rights reserved.
Avenue West, Waterloo, ON,
Inal).incorporate crystal plasticity theories into the M–K approach and
thus account for the microstructure of the material (i.e. Wu et al.,
1997; Inal et al., 2005; Levesque et al., 2010). The macroscale mod-
els are based on phenomenological yield functions to predict the
material response. The predicted forming limits depend on many
aspects of the numerical model. Various studies have shown that
the yield surface and anisotropy have a signiﬁcant effect on the
limit strains (i.e. Inal et al., 2005). To address these issues properly,
numerous yield functions have been proposed. The ﬁrst attempt to
incorporate the anisotropy was presented by Hill (1948) by gener-
alizing the von Mises criteria to give a quadratic yield criteria. A
family of yield functions was introduced by Bassani (1977) by
examining the relationship between the so-called R-value (Lank-
ford coefﬁcient), uniaxial tensile and biaxial stresses. The isotropic
approach proposed by Hosford (1972) was extended subsequently
to planar anisotropy by Barlat and Lian (1989) using stress tensor
invariants (including shear stress terms). Barlat et al. (1991) later
provided a six component anisotropic yield function for orthotro-
pic materials while Hill (1990, 1993) improved his earlier work
by modeling yielding and plastic ﬂow in textured sheets. Many
other yield functions were proposed with similar methodologies
until Cazacu and Barlat (2003) used representative theorems to de-
rive generalizations to extend Drucker’s isotropic criterion. While
the formulations andmethodology are different in most of the phe-
nomenological models, the ultimate goal for these models is to
represent the material anisotropy and its evolution (to a certain
extend) properly. This is achieved by introducing a certain number
of parameters to describe the anisotropy of a material. These
parameters are obtained by curve ﬁtting the numerical models to
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called R-values in different orientations (with respect to the rolling
direction), etc. While various studies have focused on the proper
application of these yield functions (i.e. Neale and Chater, 1980;
Tugcu et al., 2002; Wu et al., 2003), a systematic study on the ef-
fects of the material parameters (employed in the yield functions)
and the different methodologies that they are determined (numer-
ically by curve ﬁtting), as well as the effects of the yield surfaces on
the predicted forming limits is not available.
The ﬁrst part of this paper deals with numerical simulation of
FLD’s for Aluminum sheets using the M–K approach. The aniso-
tropic behavior of the aluminum alloy has been modeled using four
different anisotropic yield functions which have been integrated
into the FLD code. The various yield functions have been evaluated
based on comparison of the predicted yield stress, R-values and
FLD’s with the experimental data. Prominent anisotropic yield
functions such as that by Hill (1948, 1990, 1993) and Barlat and
Lian (1989) as well as the recent yield function proposed by
Plunkett et al. (2008) have been considered in this paper. The mod-
el proposed by Plunkett et al. (2008) accounts for anisotropy in
yield stresses and R-values using linear transforms. It should be
mentioned that, the phenomenological models considered in this
work are the most prominent numerical models before the devel-
opment of the yield functions using linear transforms on isotropic
yield functions to account for anisotropy. The parameters for the
yield functions were determined using yield stresses and R-values
obtained from uniaxial tension tests along different orientations
with respect to rolling direction of the sheet metal. Eight different
cases resulting from the yield functions and the method used to
determine the parameters of the yield function have been consid-
ered. FLD predictions for different cases with different yield surface
shapes with the same anisotropy description have been obtained.
The second part of this paper deals with determining the effect
of yield surface shape and the anisotropy in R-values and yield
stresses. The yield surface shape has been varied by changing the
bi-axial stress and the yield stress along rolling and transverse
directions. To determine the effect of anisotropy on forming limits,
various combinations of variations of R-values and yield stresses
with orientations have been studied with different yield functions.
Simulations of FLDs have been performed with different combina-
tions of anisotropy parameters and the predicted forming limits
have been investigated systematically.
2. Formulation
In this section, the yield functions employed in this research as
well as the numerical approach to predict the forming limit strains
will be described brieﬂy.
2.1. Yield functions
Rolling operations employed for the production of aluminum
alloy sheets produce anisotropy in the mechanical properties. In
order to model this anisotropy in the sheet metal, i.e., the variation
in the yield stress and R-values with orientation (with respect to
rolling direction), ﬁve different anisotropic yield functions have
been considered. A brief description of the various yield functions
along with the methods for determining the parameters of the
yield functions has been provided below.
2.1.1. Yield function proposed by Hill (1948)
The yield function proposed by Hill in 1948 (which will be re-
ferred to as Hill-48 from hereon) is one of the simplest and most
widely used yield functions. The quadratic yield criterion is given
by:2f ðrÞ ¼ Fðryy  rzzÞ2 þ Gðrzz  rxxÞ2 þ Hðrxx  ryyÞ2
þ 2 Lr2yz þMr2zx þ Nr2xy
 
¼ 1 ð1Þ
For plane stress condition (rzz = ryz = rzx = 0) the yield criterion
reduces to:
2f ðrÞ ¼ ðGþ HÞr2xx þ ðF þ HÞr2yy  2Hrxxryy þ 2Nr2xy ¼ 1 ð2Þ
where rxx, ryy and rzz, are the stresses in the rolling (x), transverse
(y) and thickness (z) directions respectively, rxy, ryz and rzx are the
shear stresses in xy, yz and zx directions respectively, F, G, H and N
are the parameters that describe the anisotropy of the material. If
F = G = H = 1 and N = 3, Hill-48 yield criterion reduces to Von–Mises
criterion.
The most common method of determining the parameters of
Hill-48 yield criterion is based on the R-values along 0, 90 and
45 to the rolling direction, i.e., R0, R45 and R90 given by,
H
G
¼ R0; FG ¼
R0
R90
;
N
G
¼ R45 þ 12
 
R0
R90
þ 1
 
ð3Þ
The parameters can also be determined using the yield stresses
along 0, 90 and 45 to the rolling direction i.e., r0, r45 and r90
and R-value along one direction. Depending on whether R0 or R90
is employed, the parameters can be determined using Eq. (4) or
(5) respectively.
H ¼ R0ð1þ R0Þr20
; G ¼ H
R0
; F ¼ 1
r290
 H; N ¼ 2
r245
 ðGþ FÞ
2
ð4Þ
or
H ¼ R90ð1þ R90Þr290
; F ¼ H
R90
; G ¼ 1
r20
 H; N ¼ 2
r245
 ðGþ FÞ
2
ð5Þ
All three variants will be considered in this work.
2.1.2. The yield function proposed by Barlat and Lian (1989)
The yield function proposed by Barlat in 1989 (which will be
referred to as Barlat-89 from hereon) is a non-quadratic yield cri-
terion. The yield function is given by:
f ðrÞ ¼ ajK1 þ K2jM þ ajK1  K2jM þ cj2K2jM ¼ 2rM ð6Þwhere, K1 ¼ rxxþhryy2 ; K2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rxxhryy
2
 2
þ ðprxyÞ2
r
;M; a; c;p and h are
material parameters.
Note that, for FCC materials, M = 8. Also c = 2  a when, r ¼ r0.
Although the parameters h and c can be determined based on
either R-values (along 0 and 90) or yield stresses (r0, r90 and
rb), the parameter p in both cases is given by:
p ¼ 2
2aþ 2mc
 1=M r0
s
ð7Þ
where s is the yield stress in shear.
The parameters h and a in terms of R-values are given by Eqs.
(8) and (9) while that based on yield stresses are given by Eqs.
(10) and (11).
h ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R0
ð1þ R0Þ
ð1þ R90Þ
R90
s
ð8Þ
a ¼ 2 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R0R90
ð1þ R0Þð1þ R90Þ
s
ð9Þ
or
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r90
ð10Þ
a ¼ 2ðr0=rbÞ
M  2j1 hjM
1þ hM  j1 hjM
ð11Þ
It is evident that the yield stress or the R-values at only 0 and
90 is satisﬁed in either case while the variation of these values be-
tween these orientations is based on the yield stress in shear only
in the former case, and yield stress in both shear and bi-axial ten-
sion in the latter.
2.1.3. The yield function proposed by Hill (1990)
The yield function proposed by Hill in 1990 (which will be
referred to as Hill-90 from hereon) is also a non-quadratic yield
criterion. In addition to the uniaxial tension tests along three direc-
tions i.e., 0, 45 and 90 required to obtain the parameters of Hill-48
yield function, Hill-90 criterion requires one additional test con-
sisting of either bi-axial tension or shear test to determine the
parameters of the yield function. The yield criterion is given by:
f ðrÞ ¼ jrxxþryyjmþ rbs
 m
jðrxxryyÞ2þ4r2xyjm=2
þ r2xxþr2yyþ2r2xy
 m=2 2a r2xxr2yy þbðrxxryyÞ2h i¼ð2rbÞm
ð12Þ
where, m, a and b are the material parameters with m > 1, rb and s
are yield stress in bi-axial tension and shear respectively.
Similar to Hill-48 yield criterion, the parameters of Hill-90 can
be determined based on yield stresses (Eqs. (13)–(15)) or R-values
Eqs. (16)–(18). The parameters a and b in terms of yield stresses are
given by:
a ¼ 1
4
2rb
r90
 m
 2rb
r0
 m 	
ð13Þ
b ¼ 1
2
2rb
r0
 m
þ 2rb
r90
 m 	
 2rb
r45
 m
ð14Þ
while the exponent ‘m’ can be determined using:
rb
s
 m
¼ 2rb
r45
 m
 1 ð15Þ
Alternately, the parameters ‘a’ and ‘b’ in terms of R-values are given
by:
a ¼ ðR0  R90ÞðR0 þ R90Þ 1þ
ðm 2Þ½R45ðR0 þ R90Þ  2R0R90
2½R0R90ðm 2Þ  2ðR0 þ R90Þ

 
ð16aÞ
b ¼ m½R45ðR0 þ R90Þ  2R0R90½R0R90ðm 2Þ  2ðR0 þ R90Þ ð16bÞ
while the exponent ‘m’ can be determined using:
rb
s
 m
¼ 1þ 2R45 ð17Þ
The yield functions determined using yield stresses and R-values do
not necessarily yield the same parameters and the output of the
yield function can be expected to be different.
2.1.4. The yield function proposed by Hill (1993)
The yield function proposed by Hill in 1993 (which will be re-
ferred to as Hill-93 from hereon) is a quadratic yield criterion.
f ðrÞ ¼ r
2
1
r20
 cr1r2r0r90 þ
r22
r290
þ ðpþ qÞ  ðpr1 þ qr2Þrb
 	
r1r2
r0r90
¼ 1
ð18Þ
where r1and r2 are the principal stresses, c, p and q are material
parameters.The parameters of Hill-93 yield criterion can be determined
using R0, R90,r0, r90 and rb. They are given by:
c ¼ r0r90 1r20
þ 1
r290
 1
r2b
 
ð19Þ
p ¼ 2R0ðrb  r90Þð1þ R0Þr20
 2R90rbð1þ R90Þr290
þ c
r0
 	
1
r0
þ 1
r90
 1
rb
 1
ð20Þ
q ¼ 2R90ðrb  r90Þð1þ R90Þr290
 2R0rbð1þ R0Þr20
þ c
r90
 	
1
r0
þ 1
r90
 1
rb
 1
ð21Þ2.1.5. The yield function proposed by Plunkett et al. (2008)
The yield function proposed by Plunkett et al. (2008) (which
will be referred to as CPB06 from hereon) is also a non-quadratic
yield criterion designed to model the tension compression anisot-
ropy. Unlike the other four yield functions discussed above, this
yield functions employs a linear transformation matrix on the Cau-
chy stress deviator to model the anisotropy in R-values and yield
stresses. The anisotropic yield function is given by,
f ðR;R0; k; aÞ ¼ ðjR1j  kR1Þa þ ðjR2j  kR2Þa þ ðjR3j  kR3Þa
 
þ ðjR01j  k0R01Þa þ ðjR02j  k0R02Þa þ ðjR03j  k0R03Þa
 
ð22Þ
where a is a material parameter, k and k0 are material parameters
that allow for the description of strength differential effects,
(R1,R2,R3) and ðR01;R02;R03Þ are the principal values of the trans-
formed principal deviatoric stresses- S1, S2 and S3 given by,
R ¼ C : S and R0 ¼ C0 : S ð23Þ
‘‘:’’ denotes the doubly contracted product of the two tensors. The
restrictions imposed on the linear fourth-order operations C and
C0 are to satisfy the major and minor symmetries and to be invariant
with respect to the orthotropy group (for rolled sheet simulations).
Let (x,y,z) be the reference frame associated with orthotropy. In
the case of a sheet, x, y, and z represent the rolling, transverse, and
the normal directions. Relative to the orthotropy axes (x,y,z), the
fourth-order tensors C and C0 operating on the stress deviator are
represented in Voigt notations by:
C ¼
C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66
2
666666664
3
777777775
and
C0 ¼
C011 C
0
12 C
0
13 0 0 0
C012 C
0
22 C
0
23 0 0 0
C013 C
0
23 C
0
33 0 0 0
0 0 0 C 044 0 0
0 0 0 0 C055 0
0 0 0 0 0 C 066
2
666666664
3
777777775
ð24Þ
Thus, for 3-D stress conditions, the orthotropic criterion (22) in-
volves 18 anisotropy coefﬁcients. When Cii = 1 and all the other
Cij = 0 (i– j) and k = k0, this orthotropic yield function reduces to
the isotropic yield function. If the yield in tension is equal to the
yield in compression, the parameters k and k0 associated with
strength differential effects are automatically zero. In addition, for
k = k0 = 0, C = C0, and a = 2, the anisotropic criterion (22) reduces to
Hill-48 orthotropic criterion. In other words, the above generalized
criterion is applicable to fully describe asymmetric and anisotropic
materials and includes in it the special cases of isotropic and Hill-48
anisotropic criteria.
Fig. 1. Sheet with groove oriented at an angle u1 used in FLD analysis.
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trace operator and r are the Cauchy stresses).
The physical signiﬁcance of the coefﬁcients involved in the yield
criterion (22) and a procedure to determine the parameters based
on the results of tensile and compression tests has been outlined in
Plunkett et al. (2008). For cubic materials which do no exhibit
noticeable difference between the behavior in tension and
compression during monotonic loading such as Aluminum, the
material parameters associated with strength differential effects
are zero, i.e., k = k0 = 0. The procedure for determining the parame-
ters for cubic materials will be provided here. The effective stress
associated with the CPB06 yield function for cubic materials can
be written in the form,
reff ¼ jR1ja þ jR2ja þ jR3ja
 þ jR01ja þ jR02ja þ jR03ja  ð25Þ
Thus, the yield function CPB06 with two linear transforms con-
tains 18 parameters which are all related to the description of the
anisotropy of the respective cubic material. Fourteen of these
parameters Cij;C
0
ij, with i, j = 1 . . . 3 and C66;C
0
66, are related to the
in-plane properties of the sheet. These can typically be determined
by conducting uniaxial tension tests at every 15o from the rolling
direction, giving seven yield stresses and R-values.
Indeed, for 2D plane stress conditions (i.e. stress tensor
r = (rxx,ryy,rzz,rxy) comprised of four non-zero components), the
tensors C and C0 are represented relative to the orthotropy axes
(x,y,z) are given by the 4  4 matrices (C44 = C55 = 1):
C ¼
C11 C12 C13
C12 C22 C23
C13 C23 C33
C66
2
6664
3
7775 and C0 ¼
C 011 C
0
12 C
0
13
C 012 C
0
22 C
0
23
C 013 C
0
23 C
0
33
C 066
2
6664
3
7775
ð26Þ
To simplify the equations we can introduce the following notations:
U1 ¼ 13ð2C11  C12  C13Þ; U2 ¼
1
3
ð2C12  C22  C23Þ;
U3 ¼ 13ð2C13  C23  C33Þ
W1 ¼ 13ðC11 þ 2C12  C13Þ; W2 ¼
1
3
ðC12 þ 2C22  C23Þ;
W3 ¼ 13ðC13 þ 2C23  C33Þ ð27Þ
Accordingly, the principal values of the transformed tensor, R
are given by,
R1 ¼ 12 Rxx þ Ryy þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðRxx  RyyÞ2 þ 4R2xy
q 
;
R2 ¼ 12 Rxx þ Ryy 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðRxx  RyyÞ2 þ 4R2xy
q 
;
R3 ¼ Rzz ð28Þ
where Rxx =U1rxx +W1ryy, Ryy =U2rxx +W2 ryy, and Rxy = C66rxy.
Similarly, the principal values of the transformed tensor R0 are
expressed in terms of the components R0xx;R
0
xy;R
0
yy;R
0
zz through
relations similar to (28) using notations similar to (27) for deﬁning
U01;U
0
2;U
0
3 in terms of the anisotropy coefﬁcients C
0
ij. Let rh denote
the yield stress in a direction at angle h from the rolling direction x.
According to the criterion (Eq. (25)):
rh ¼ r0 jU1j
a þ jU2ja þ jU3ja þ jU01ja þ jU02ja þ jU03ja
jA1ja þ jA2ja þ jA3ja þ jA01ja þ jA02ja þ jA03ja

 1
a
ð29Þ
where r0 is the tensile yield stress in the rolling direction (i.e. for
h = 0),A1 ¼ 12 ðU1 þU2Þ cos
2 hþ ðW1 þW2Þ sin2 h

þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ððUU1Þ cos2 hþ ðWW1Þ sin2 hÞ2 þ 4C266 sin2 h cos2 h
q 
A2 ¼ 12 ðU1 þU2Þ cos
2 hþ ðW1 þW2Þ sin2 h


ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ððU1 U2Þ cos2 hþ ðW1 W2Þ sin2 hÞ2 þ 4C266 sin2 h cos2 h
q 
A3 ¼ U3 cos2 hþW3 sin2 h ð30Þ
and U1, U2, U3 and W1, W2, W3 are given by notations (27).
Relations similar to 30 express A01;A
0
2;A
0
3 in terms of the angle h
and the anisotropy coefﬁcients C0ij, respectively. In particular, the
yield stress at 90o can be expressed as:
r90 ¼ r0 jU1j
a þ jU2ja þ jU3ja þ jU01ja þ jU02ja þ jU03ja
jW1ja þ jW2ja þ jW3ja þ jW01ja þ jW02ja þ jW03ja

 1
a
ð31Þ
For biaxial stress conditions, yielding occurs when rxy = 0 and
rxx = ryy = rb. The bi-axial stresses can be expressed as:
rb ¼ r0 jU1j
a þ jU2ja þ jU3ja þ jU01ja þ jU02ja þ jU03ja
jX1ja þ jX2ja þ jX3ja þ jX01ja þ jX02ja þ jX03ja

 1
a
ð32Þ
with, X1 ¼ 13C11 þ 13C12  23C13
 
, X2 ¼ 13 ðC12 þ C22  2C23Þ, X3 ¼ 13
ðC13 þ C23  2C33Þ and similar expressions can be obtained for
X01;X
0
2;X
0
3.
Furthermore, we assume that the plastic potential coincides
with the yield function. Let Rh denote the strain value (width to
thickness strain ratios) under uniaxial tensile loading in a direction
at angle h from the rolling direction in the (xy) plane.
Rh ¼ 
sin2 h
@reff
@rxx
 sinð2hÞ @reff
@rxy
þ cos2 h @reff
@ryy
@reff
@rxx
þ @reff
@ryy
ð33Þ
where reff is given by Eq. (25). In particular, the R-value in the roll-
ing direction is given by,
R0 ¼ K1 þK
0
1
K2 þK02
ð34Þ
where K1 ¼ Ua11 W1 þ ð1ÞaðUa12 W2 þUa13 W3Þ and
K2 ¼ Ua11 ðW1 þU1Þ þ ð1ÞaðUa12 W2 þUa13 W3 þUa2 þUa3Þ
with similar expressions for K01 and K
0
2.
The R-value in the transverse direction is given by:
Fig. 2. Comparison of experimental and predicted (using the various yield functions) (a) Yield stresses (b) R-values with orientation (w.r.t RD).
Fig. 3. Comparison of experimental and predicted stress-stain curves for AA-5754.
Fig. 4. Plane stress yield surfaces for AA-5754 obtained using the various yield
functions.
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0
3
K4 þK04
ð35Þ
with, K3 ¼ Wa12 U2 þ ð1ÞaðWa11 U1 þWa13 U3Þ and
K4 ¼ Wa12 ðU2 þW2Þ þ ð1ÞaðWa11 U1 þWa13 U3 þWa1 þWa3Þ
with similar expressions for K03 and K
0
4.
The in-plane shear coefﬁcients may be determined using theo-
retical expression of the yield stress in pure shear in the sheet
plane
sxy ¼ r02
jU1ja þ jU2ja þ jU3ja þ jU01ja þ jU02ja þ jU03ja
jC66ja þ jC 066ja

 1
a
ð36Þ
Using Eqs. (29)–(36), the coefﬁcients Cij;C
0
ij, with i,j = 1, 2, 3 can be
determined by minimizing an error function of the form,
ErrorðC;C 0Þ¼
X
n
weight 1 r
n
mod
rnexp
 !2
þ
X
m
weight 1 R
m
mod
Rmexp
 !2
ð37Þ
In the above equation, the subscript ‘‘exp’’ refers to data obtained
from experiments (uniaxial loading tests) while the subscript‘‘mod’’ refers to data predicted using the yield function for a set of
parameters identiﬁed during the minimization process. Also ‘n’
and ‘m’ are number of experimental yield stress and R-values
available.
The parameters were obtained using the error minimization
subroutine in Mathcad. The process is sensitive to the initial guess
values. Typically the parameter values from one study were used
as initial guesses for the next study. Some of the initial guess val-
ues were changed and the minimization processes were repeated,
until no further improvement in the ﬁts were obtained and R2 was
greater than 0.95.
2.2. M–K analysis
The M–K analysis has been performed for the continuous cast
(CC) aluminum sheet alloy AA5754 to predict the FLD. The consti-
tutive relation given in Eq. (38) along with the above yield func-
tions has been employed in the M–K analysis.
Fig. 5. Comparison of FLD’s obtained using the various yield functions with the
experimental FLD.
Fig. 6. Predicted critical groove orientations obtained using the various yield
functions.
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where _r is the rate of the true stress tensor r, L is the tensor of elas-
tic moduli, D is the rate of deformation tensor, f is the yield function,
ep is the plastic strain, lij are the normals given by lij ¼ @f@rij and
kij = Lijkl kl. The implementation is based on the method described
by Wu et al. (1997) and is summarized brieﬂy below. The axes x1
and x2 shown in Fig. 1 refer to the directions of orthotropy in the
plane of the sheet, i.e., the rolling and transverse directions respec-
tively with x3 being the direction normal to the sheet plane. A sheet
with an initial imperfection in the form of a groove inclined at an
angle u1 with respect to direction x1 as shown in Fig. 1 has been
considered for the analysis. Furthermore, n and t are unit vectors
along normal and tangential directions to the groove. The quantities
inside the groove are denoted by superscript ‘g’. Let the thickness
along the minimum section in the groove and nominal thickness
of the sheet (outside the groove) be denoted by Hg(t) and H(t) with
an initial value of Hg(0) and H(0) respectively. The initial geometric
non-uniformity is given by,
f ¼ H
gð0Þ
Hð0Þ ð39Þ
The edges of the sheet is loaded such that,
D22
D11
¼ _e22
_e11
¼ q ¼ constant; D12 ¼ 0; W12 ¼ 0 ð40Þ
where _e11  D11 and _e22  D11 are the (principal) logarithmic strain
rates and Wij are the components of the spin tensor. It is also as-
sumed that D13 = D23 =W13 =W23 = 0 while D33 is determined based
on the boundary condition that _r33 ¼ 0. For this deformation model,
the current groove angle can be related to the initial groove angle
using,
tanu ¼ expðð1 ¼ qÞe11Þ tanu1 ð41Þ
Uniform deformations are assumed both inside and outside the
groove. Hence, equilibrium and compatibility inside and outside
the band are automatically satisﬁed, apart from the necessary con-
ditions at the groove interface. The compatibility condition at the
band interface is given in terms of the differences in the velocity
gradients inside and outside the groove as Hutchinson and Neale
(1978),
Lgab ¼ Lab þ _cagb ð42Þor
Dgab ¼ Dab þ
1
2
ð _cagb þ ga _cbÞ; Wgab ¼ Wab þ
1
2
ð _cagb þ ga _cbÞ ð43Þ
Here, g1 = cosu and g2 = sinu are the components of the unit
normal to the band in the current conﬁguration and _ca are the
parameters to be determined. Also, Force equilibrium on each side
of the interface requires that in the current conﬁguration,
gar
g
abH
g ¼ garabH ð44Þ
A set of incremental equation or _ca are obtained by substituting
incremental constitutive relations into the incremental form of Eq.
(44) using Eq. (43) to eliminate the strain increments Dgab. Together
with the condition, _r33 ¼ 0, three algebraic equations can be ob-
tained which can be solved for the three unknowns: _c1, _c2 and
Dg33 (Hutchinson and Neale (1978)). The solution is obtained
numerically by a linear incremental procedure. Further, the sheet
thickness inside and outside the groove are updated using:
_Hg ¼ D33Hg and _H ¼ D33H ð45Þ
The onset of necking is deﬁned by the occurrence of a much
higher maximum principal logarithmic strain rate inside the band
than outside
_eg33
D11
 105
 
. The corresponding principal logarithmic
strains outside the band are the limit strains.3. Results and discussion
3.1. Material data
The material considered in this study is a continuous cast
AA5754 (3.1% Mg, 0.25% Mn, <0.01 % Cr, 0.24% Fe, <0.1% Si, balance
Al) sheet. Tensile properties have been evaluated at 7 directions
between 0–90 in increment of 15, with 0 being the rolling direc-
tion. The tensile tests were carried out according to ASTM E8-05.
The yield strength was selected at 0.2% offset, while the R-values
were measured at 15% elongation. The experimental yield stress
and the R-values at the various orientations are plotted in
Fig. 2(a) and (b) respectively. A Hollomon type power law relation-
ship given by Eq. (46) has been employed.
r ¼ Ee if r 6 ry
KeN if rP ry


ð46Þ
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hardening exponent, N, was calculated from the beginning of the
uniform plastic deformation until the maximum load. The experi-
mental and predicted (from the FLD code) stress strain curve are
plotted in Fig. 3. The bi-axial yield stress, rb, is 96.8 MPa.3.2. FLD Predictions for the Aluminum alloy 5754
The geometric imperfection value is computed by ﬁtting/
matching the predicted failure strain for in-plane plane-strain
(q = 0) to the corresponding experimental failure strain. This value
of the geometric imperfection is then used in simulations for
various strain ratios. It should also be mentioned that, different
geometric imperfection values were employed for each phenome-
nological model to ﬁt the predicted limit strains (by different yield
functions) for in-plane plane-strain (q = 0) with the experimental
data.
The yield stresses, R-values and yield surfaces predicted using
the four yield criteria (Hill-48, Barlat-89, Hill-90 and Hill 93) are
compared with the corresponding experimental data in Fig. 2(a),
(b) and Fig. 4 respectively. As mentioned in the previous section,
the material parameters employed in the yield functions can be
obtained in more than one way. The parameters can be obtained
by curve ﬁtting to either the R-values or the yield stresses (atvarious orientations with respect to the rolling direction). In this
section, three different cases with Hill-48 and two different cases
with both Barlat-89 and Hill-90 have been considered. Three sets
of parameters for Hill-48 have be obtained by employing Eqs.
(3)–(5) and will be represented as H48-R (parameters determined
by R-values), H-48-ry-R0 (parameters determined by yield stress
and the R-value along the rolling direction) and H-48-ry-R90
(parameters determined by yield stress and the R-value along the
transverse direction) respectively. Two sets of parameters have
been obtained for Barlat-89 and will be referred to as Blt89-R
(Eqs. (7)–(9)) and Blt89-ry (Eqs. (7), (10) and (11)) where the
parameters were determined from the R-values and the yield stres-
ses respectively. Similarly, the material parameters of Hill-90 yield
criterion can be determined using either yield stress (H90-ry using
Eqs. (13) and (14)) or R-values (H90-R using Eqs. (16) and (17)).
The exponent for the Hill-90 criterion has been determined so that
both Eqs. (15) and (18) are satisﬁed.
Fig. 2(a) and (b) demonstrate that the yield functions consid-
ered in this section are able to capture the trends in the variations
of either the yield stresses or the R-values with orientation but not
both at the same time. Furthermore, the yield surface obtained
using Barlat-89 (Blt89-ry) and Hill-90 (H90-ry) calibrated using
the yield stresses are the closest to the experimental yield surface
(Fig. 4); however both models fail to capture the variation of R-val-
ues in the material.
Table 1
Material parameters used in the yield functions.
Biaxial C11 C22 C33 C12 C13 C23 C66 a
0.01774 0.047068 0.025188 0.010838 0.01371 0.015708 0.017574
C11 C22 C33 C12 C13 C23 C66 2.78003
0.029621 0.027699 0.018188 0.027052 0.00091 0.002819 0.034022
Hill-93 C11 C22 C33 C12 C13 C23 C66 a
0.730699 0.1604 0.4406 0.2052 0.1427 0.2547 0.6625
C11 C22 C33 C12 C13 C23 C66 3.6697
0.5296 0.8124 0.0429 0.1754 0.4745 0.0673 0.679
Crystal plasticity C11 C22 C33 C12 C13 C23 C66 a
2.2361 1.9143 0.5187 1.0454 0.0562 0.29 1.2182
C11 C22 C33 C12 C13 C23 C66 13.1604
1.8431 1.5591 0.488 0.2644 0.6145 0.1058 1.9765
Barlat-89 C11 C22 C33 C12 C13 C23 C66 a
0.497283 0.538464 0.44199 0.244899 0.0297 0.00147 0.307991
C11 C22 C33 C12 C13 C23 C66 20.1109
0.418137 0.56402 0.1668 0.0246 0.0257 0.265005 0.476711
Fig. 10. (a) Yield locus obtained by varying equibiaxial yield stresses and Comparison of experimental and predicted (for simulations with varying equibiaxial stresses)
(b) yield stresses (c) R-values with orientation (w.r.t RD).
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Fig. 5. The limit strains predicted, using all the yield functions,
for the left hand side of the FLD (strain ratios less than zero) are
very similar and are much higher than the experimental data. For
strain ratios greater than zero, the predictions obtained from
Hill-48 are the closest to the experimental FLD while Barlat-89
under-predicts the limit strains. Note that both H-48-ry-R0 andH-48-ry-R90 predict the same yield stresses with orientation
(Fig. 2(a)), however the bi-axial stress predicted by H-48-ry-R0
(93.2 MPa) is lower than the experimental (96.8 MPa) while the
predition by H48-ry-R0 (100.6 MPa) is higher, causing a change
in the shape of the yield surface (Fig. 4). This indicates the sensitiv-
ity of the limit strains to the shape of the yield surface. Although
the limit strains predicted by both H-48-R0 and H-48-ry-R90 are
Fig. 11. (a) Comparison of the predicted FLD’s obtained for cases with increasing bi-
axial stresses with the experimental and (b) corresponding critical band orientation
at various strain ratios.
Fig. 12. (a) Variation of yield stress with orientation and (b) comparison of the
predicted FLD’s obtained for cases with increasing uniaxial stresses along rolling
direction with the experimental.
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manage to capture the general trend of the FLD. The limit strains
obtained in case of H90-ry follows the experimental values up-to
a strain ratio of 0.7, decreasing thereafter. The limit strains pre-
dicted with H90-R is signiﬁcantly lower than that with H90-ry
due to the lower yield stress prediction along 0 and 90 as shown
in Fig. 2(a).
The critical groove angles providing the lowest limit strains for
various strain ratios are plotted in Fig. 6. The results obtained from
Hill-48 and Barlat-89 indicates a relationship between the critical
groove angle in equibiaxial stretching (q = 1) and the peak R-val-
ues. It is observed that the peak (highest) R-value predicted by
H48-R is at 90 while H48-ry-R0, H48-ry-R90, Blt89-R and Blt89-
ry all predict the peak (highest) R-value around 45. It should be
mentioned that these two angles correspond to the critical groove
angles in these cases as shown in Fig. 6.
3.3. FLD predictions for the Aluminum Alloy 5754 using CPB06 yield
function
As mentioned in the previous section, the parameters employed
in the yield function CPB06 can be obtained using mechanical test
data (yield stresses and R-values at the various orientations).
Furthermore, the yield surface shape can be controlled by adding
additional constraints (without any sacriﬁce from the representa-tion of anisotropy) In order to evaluate the effect of the yield sur-
face shape on FLD’s, simulations (of FLD’s) were performed with
the CPB06 yield function but with four different sets of anisotropy
coefﬁcients obtained using various yield surface shapes. However,
the same set of experimental uniaxial yield stresses and R-values
along various orientations w.r.t rolling directions (7 data points
between 0 and 90 in increments of 15) were considered for deter-
mining the anisotropy coefﬁcients of CPB06 for each of the four
cases. The four different cases were obtained using the following
procedures:
(a) Only Biaxial yield stress used to control the yield surface.
(corresponds to Bi-axial in Figs. 7–9).
(b) A series of 13 points (+rx, +ry) on the tension–tension quad-
rant of the theoretical yield surface according to Hill (1993)
(corresponds to ‘‘Hill-93’’ in Figs. 7–9).
(c) Yield surface points obtained from crystal plasticity (points
in the stretching quadrant of the yield surface) (corresponds
to ‘‘crystal-plasticity’’ in Figs. 7–9).
(d) A series of points (+rx, +ry) on the tension–tension quadrant
of the theoretical yield surface according to Barlat and Lian
(1989) (with exponent, M = 8, corresponding to ‘‘Barlat-89’’
in Figs. 7–9).
The parameters employed in the yield function for these cases
are presented in Table 1. The variation in the yield stresses and
Fig. 13. (a) Comparison of experimental and predicted (for simulations with
varying s0) yield stresses (b) yield locus obtained by varying yield stress along
rolling direction relative to the other directions.
Fig. 14. (a) Comparison of the predicted FLD’s obtained for cases with increasing
uniaxial stresses along rolling direction with the experimental and (b) correspond-
ing critical band orientation at various strain ratios.
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based on the anisotropy coefﬁcients obtained using the 4-identiﬁ-
cation procedures are presented in Fig. 7(a) and (b) respectively.
Irrespective of the data used in the identiﬁcation procedure,
CPB06 captures the experimental trends for both yield stresses
and R-values. The simulated yield surfaces with the CPB06 (for
the 5 different identiﬁcation procedures) are plotted in Fig. 8.
The predicted FLDs obtained using CPB06 for the four cases
described above are shown in Fig. 9. For negative strain ratios,
the predicted forming limits are very similar and are much higher
than the experimental data. However, for positive strain ratios,
there are signiﬁcant differences in the predicted forming limits
indicating that the yield surface shape (curvature) has a profound
affect on the predicted forming limits (based on the M–K analysis).
Simulations show that the predictions obtained using CPB06 with
parameters identiﬁed using Barlat-89 or crystal plasticity yield
data correspond to lower forming limits than that obtained using
CPB06 with parameters identiﬁed from Hill-93 type yield surface.
The FLD predictions obtained with Hill-93 yield surface is very
close to the experimental.
3.4. Factors affecting FLD predictions using M–K analysis
The FLD predictions obtained above by employing various yield
functions show that the yield surface shape and anisotropy w.r.t
both R-values and yield stresses affect the FLD predations. Also,the forming limit predictions obtained by using certain yield func-
tions such as Hill-48 show very good agreement with the experi-
mental forming limits even though the yield function is
incapable of modeling the anisotropy in either the yield stress or
the R-value as well as the yield surface. It is therefore important
to investigate the relative impact of these aspects (accuracy of
ﬁt) of the yield function on the forming limit predictions. This sec-
tion will examine the effects of various phenomena on the forming
limits predicted using the M–K analysis based on phenomenologi-
cal yield functions.3.4.1. Effect of yield surface shape on FLD
Results in Section 3.3 show that yield surface shape plays a sig-
niﬁcant role in the forming limit predictions obtained by the M–K
analysis. Three different cases of variation in the shape of the yield
surface has been considered by varying the equibiaxial yield stress,
yield stress along rolling (0) and yield stress along transverse
direction (90). In each of these cases, the yield surface points re-
quired for determining the parameters of CPB06 yield function
have been obtained using the Hill-93 yield function as explained
in Section 3.3. Furthermore, the initial band thickness was
obtained so that the forming predictions at a strain ratio, q = 0
(in-plane plane-strain) is equal to the experimental prediction at
the same strain ratio. As a consequence of this, any increase or
decrease in forming limit curves from hereon would mean the
Fig. 15. (a) Comparison of experimental and predicted (for simulations with
varying s90) yield stresses at the various orientations (b) yield locus obtained by
varying yield stress along transverse direction relative to the other directions.
Fig. 16. (a) Comparison of the predicted FLD’s obtained for cases with increasing
uniaxial stresses along transverse direction with the experimental and (b)
corresponding critical band orientation at various strain ratios.
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zero and the magnitude of the difference is usually maximum as
the strain ratio approaches unity.3.4.1.1. Effect of equibiaxial yield stress. Nine different cases with
equibiaxial stresses varying between 80 and 120 MPa (0.81r0 to
1.22r0) have been considered. In each of these cases, the CPB06
yield function was ﬁt to experimental yield stress and R-values
for the aluminum alloy 5754 (Fig. 7) along with the yield surface
shape obtained using the Hill-93 yield function. The yield surfaces
predicted for these cases are presented in Fig. 10(a) while the
corresponding predicted yield stresses and R-values at the various
orientations are plotted in Fig. 10(b) and (c) respectively. Fig. 10(b)
and (c) demonstrate that a very good ﬁt the experiments were ob-
tained for all cases.
The predicted forming limit diagrams and the corresponding
critical band orientations are presented in Fig. 11(a) and (b) respec-
tively. It can be seen that, for positive strain ratios, a substantial de-
crease in forming limits is predicted as the biaxial stress is
increased from 0.81r0 to 1.22r0. Furthermore, the strain ratio, q,
at which the critical band orientation starts to differ from zero
(increasing), decreases as the biaxial stresses are increased i.e.,
the band orientation starts increasing at a strain ratio of 0.71 for
the case with rb = 80 MPa and at 0.56 for the case with
rb = 120 MPa. Also the highest critical band orientation in theequibiaxial loading condition (strain ratio, q = 1) is about 45 in
most cases. Since the anisotropy in yield stresses and R-values is
very similar in these cases, the differences in the predicted FLDs
can be attributed to the change in the curvature of the yield locus
in the (+rx, +ry) quadrant.
An opposite trend is observed in case of negative strain ratios,
i.e., forming limits increased with an increase in biaxial stresses,
however the difference in the magnitude is not signiﬁcant. Also,
they are shifted parallel to each other. Furthermore, an increase
in the critical band orientation is also observed with increasing
biaxial stress.
3.4.1.2. Effect of yield stress along rolling direction. FLDs have been
predicted by varying the yield stress along rolling direction, r0, be-
tween 85 MPa to 110 MPa (0.86 to 1.12 of experimental r0). Two
different cases have been considered:
– The effect of varying r0 such that the ratios between r0 and
yield stresses along other directions are constant. This implies
that the normalized yield stress vs orientation and yield locus
are constants. Since the normalized yield stress and R-values
with orientation for these cases were kept constant, a single
set of parameters for the CPB06 yield function were obtained
for a case with r0 = 98.6 MPa (so that it corresponds to the case
Hill-93 in Figs. 7 and 8). The yield stress-orientation curves in
Fig. 17. R-values predicted using Hill-48 yield function for the various cases in each of the six scenarios: (a) symmetric (b) non-symmetric increase (c) non-symmetric
decrease (d) linearly increasing (e) symmetric inverse (f) non-symmetric inverse.
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tions were carried out for seven different r0 ranging between
0.88r0 to 1.12r0 (85 to 110 MPa) and the corresponding pre-
dicted FLDs are plotted in Fig. 11(b). Simulations show that
there is a gradual increase in the forming limits with increasing
yield stress for cases with positive strain ratios. However for
negative strain ratios the change is negligible. Furthermore,
there is no change in the critical band orientations in all of
the cases. This indicates that the direction of the band for which
the failure occurs remains unchanged if the relative magnitude
of the yield stresses along various orientations is constant.– The effect of varying r0 such that the ratios between r0 and the
yield stresses along other orientations are not constant
(Fig. 13(a)). The equibiaxial stress in all of these cases was held
constant at 96.8 MPa so that the yield surface between (rb,rb)
and (0,r90) in the (+rx, +ry) quadrant is the very similar for
all the cases, as shown in Fig. 13(b). Furthermore, the R-values
at the various orientations (for the 8 cases considered), were
held constant as shown in Fig. 10(c). The predicted FLD’s corre-
sponding to the various r0 considered are presented in
Fig. 14(a). It can be seen that a slight (almost negligible)
decrease in forming limits was predicted with increasing r0
Fig. 18. Yield stresses predicted at the various orientations predicted using Hill-48 yield function for the various cases considered in each of the six scenarios: (a) symmetric
(b) non-symmetric increase (c) non-symmetric decrease (d) linearly increasing (e) symmetric inverse (f) non-symmetric inverse.
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was observed with increasing r0 for positive strain ratios. How-
ever the relative increase in the forming limits predicted (with
increasing r0) is much higher and non-uniform than that
observed in the case shown in Fig. 12(b) (discussed above). This
non-uniform increase in forming limits with increasing r0 is
due to the different anisotropy in yield stresses for the 8 cases
(Fig. 13(a)), which causes a change in critical band orientations
at the various strain ratios as shown in Fig. 14(b). It should also
be noted that the R-values are anisotropic implying that, a
change in the critical band orientation would be associated witha corresponding change in R-value at a particular strain ratio
(for example for cases with r0 = 95 and 105 MPa, the critical
band orientation at q = 0.6 are 8.85 and 26.24 respectively.
The R-values at these orientations are about 0.77 and 0.57
respectively indicating that, for the same strain ratio, the two
cases would have different R-values. The same argument is
valid for yield stresses). Thus the anisotropies in both yield
stress and R-values cause a non-uniform increase in the pre-
dicted forming limits with increasing stresses along rolling
direction. Furthermore, although the critical band orientation
at equibiaxial tension (q = 1) for the various cases are very sim-
Fig. 19. Yield locus at the various orientations predicted using Hill-48 yield function for the various cases considered in each of the six scenarios: (a) symmetric (b) non-
symmetric increase (c) non-symmetric decrease (d) linearly increasing (e) symmetric inverse (f) non-symmetric inverse.
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orientation starts differing from 0 decreases with increasingr0
(q = 0.7 for case with r0 = 85 MPa and q = 0.39 for case with
r0 = 110 MPa). This could be associated with the difference
between the lowest yield stress (with orientation) and the yield
stress along the rolling direction and will be discussed in the
next section.
3.4.1.3. Effect of yield stress along transverse direction. Forming limit
predictions have been obtained by varying the yield stress alongtransverse direction, r90, between 85.5 MPa to 120 MPa (a ratio
of 0.87 to 1.22 of the experimental r0). As mentioned above, a
direct consequence of this is the change in the anisotropy in yield
stresses. The yield stresses with orientation for the seven cases
considered are plotted in Fig. 15(a). The yield stress in equibiaxial
tension and that along rolling direction were held constant so that
the yield surface between (r0,0) and (rb,rb) in the (+rx, +ry) quad-
rant is the same for all the cases (Fig. 15(b)). Once again, the CPB06
yield function for these seven cases were ﬁt to the experimental R-
values as shown in Fig. 10(c) along with the yield stresses and
points on the yield locus.
Fig. 20. FLD’s predicted at the various orientations predicted using Hill-48 yield function for the various cases considered in each of the six scenarios: (a) symmetric (b) non-
symmetric increase (c) non-symmetric decrease (d) linearly increasing (e) symmetric inverse (f) non-symmetric inverse.
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tive strain ratios, there is an increase in the predicted forming lim-
its with increasing r90, while the critical band orientations remain
almost constant as shown in Fig. 16(b). For positive strain ratios, an
initial increase in the predicted forming limit diagrams is observed
as the yield stress along transverse direction increases from
85.5 MPa to 95 MPa. For the simulations with r90 = 97.9 MPa, the
predicted forming limit up to a strain ratio of about 0.6 is very close
to that for the simulation with r90 = 95 MPa, and starts to decrease
beyond q = 0.6.This sudden change in the trend of the predicted FLDs is due to
the shift in the anisotropy in the yield stresses. For cases with
r90 = 85.5 and 90.2 MPa, the yield stress decreases with the orien-
tation up to 90 (Fig. 15(a)). For the case with r90 = 95 MPa, the
yield stress decreases with orientation only up to 45 and is almost
constant between 45 and 90. However for cases with
r90 = 97.9 MPa and higher, the yield stresses decrease with orien-
tations up to 45 and then starts increasing between 45 and 90
(Fig. 15(a)). Note that the predicted R-values for all these cases
are very similar (the yield surface shape changes uniformly along
Fig. 21. Critical band orientations at the various orientations predicted using Hill-48 yield function for the various cases considered in each of the six scenarios: (a) symmetric
(b) non-symmetric increase (c) non-symmetric decrease (d) linearly increasing (e) symmetric inverse (f) non-symmetric inverse.
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along a particular direction should cause either a increase or de-
crease in forming limits as seen in cases Section 3.4.1(a) and (b)
above), the change in the trend of the yield stress vs orientation
curve between r90 = 95 MPa and r90 = 97.9 MPa is the likely cause
of the sudden decrease in the forming limits between these two
cases. This change in trend also causes a change in the critical band
orientations as shown in Fig. 16(b). For cases with r90 = 85.5 MPa
and 90.2 MPa, the critical band orientation is zero for strain ratiosbetween 0 and 0.95 and increases to 90 for q = 1. For cases with
r90 = 95 and 97.9 MPa, the critical band orientation is zero for
strain ratios up to 0.5 and 0.7 respectively and is 45 for q = 1.
It should also be mentioned that, for cases with r90 greater than
95 MPa, the forming limits again increase with yield stress along
the transverse direction. This is similar to the trend observed be-
tween r90 = 85.5 and 95 MPa indicating that the change in the
shape of the yield surface due to an increase in yield stress along
the transverse direction causes an increase in forming limits
Fig. 22. (a) R-values (b) yield stress (c) yield locus combinations ﬁt to CPB06 yield function.
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not change. Any change in the trend of the yield stress vs orienta-
tion curve might be associated with a change in the trend of the
forming limit curves with increasing yield stress along transverse
direction. Also the shape of the FLD curve (for positive strain ratios)
is different for the two cases (i.e., stresses between 85.5 and
95 MPa and that between 97.9 and 120 MPa) which is again caused
by the change in the trend of the yield stress vs orientation curve.
Also from Fig. 15(a) and Fig. 16(b), it can be noted that the crit-
ical band orientation for equibiaxial loading condition is usually in
the vicinity of the orientation of the lowest yield stress. The critical
band orientations for q = 1 for cases with r90 = 85.5 and 90.2 MPa
is at about 90 and for the r90 greater than 90.2 MPa at about 45.
These angles have the lowest yield stresses among all the
orientations.
3.4.2. Effect of anisotropy in R-values and yield stresses
Simulations presented in the above sections showed that
anisotropy in R-values and yield stresses affect the critical band
orientation and hence the forming limits obtained at these orienta-
tions. In this section the effect of anisotropy in R-values and yield
stress will be investigated. The CPB06 yield function was employed
in the simulations due to its ﬂexibility in ﬁtting to speciﬁc R-values
and yield stresses with orientation along with the yield locus.However, since it is a complicated process to obtain the parameters
for all the cases, some initial cases with Hill-48 yield function have
been considered.
3.4.2.1. Hill-48 yield function. Six different scenarios based on the
variation of R-values with orientation have been considered as
shown in Fig. 17(a)–(e). The parameters of the yield function have
been obtained based on R0, R45 and R90 using Eq. (3). The corre-
sponding predicted yield stresses with orientation and yield locus
are plotted in Figs. 18 and 19(a)–(e) respectively. As mentioned
earlier, Hill-48 yield function calibrated this way does not allow
any control over the anisotropy in yield stresses and the yield lo-
cus, except the yield stress along rolling direction. The predicted
FLD’s and critical band orientations for these six scenarios are plot-
ted in Figs. 20 and 21(a)–(e) respectively. In most of the cases, the
predicted forming limits for negative strain ratios are very similar.
The results for these scenarios for positive strain ratios are dis-
cussed below:
(a) Symmetric: Three cases were considered with decreasing R45
(0.75 To 0.375 R0) with R0 = R90 and R45 < R0. The R-values
with orientation curve is symmetric about R45 (Fig. 17(a))
while the predicted yield stresses for the various orienta-
tions have an opposite trend to R values (Fig. 18(a)). Note
Fig. 23. (a), (c) and (e) are the FLD’s and (b), (d) and (e) are the critical band orientations obtained using CPB06 yield function ﬁt to the combinations of R-values and yield
stresses in Fig. 22(a) and (b) respectively with Hill-93 type yield locus (Fig. 22(c)).
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cases. The predicted FLD’s (Fig. 20(a)) do not change with
decreasing R45 when a symmetric variation in the R-values
are considered, since there is no change in the critical band
orientation as shown in Fig. 21(a). Furthermore, for cases
with strain ratio q = 1, the critical band orientation can be
either 0 or 90, however both yield to the same forming
limits.(b) Non-symmetric increase: Three cases have been considered
as shown in Fig. 17(b) with increasing R90 (1.5 To 2.125 R0)
where R90 > R0 > R45. Again an opposite trend in yield stres-
ses with orientation was obtained with r45 > r90 > r0 and
rb = r90. There is a decrease in forming limits (Fig. 20(b))
for cases with strain ratios greater than 0.5 with increasing
R90. Furthermore, the critical band orientation is zero up to
a certain strain ratio, which decreases (strain ratio) with
Fig. 24. (a), (c) and (e) are the FLD’s and (b), (d) and (e) are the critical band orientations obtained using CPB06 yield function ﬁt to the combinations of R-values and yield
stresses in Fig. 22(a) and (b) respectively with Barlat-89 type yield locus (Fig. 22(c)).
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is due to the increase in the difference between the lowest
and highest R-values. Also, the critical band orientation for
balanced biaxial tension is 90, which is in the direction of
the highest R-value.
(c) Non-symmetric decrease: Three cases have been considered
as shown in Fig. 17(c) with increasing R0 between 1.1 and
1.5 where R0 > R90 > R45. Again an opposite trend in yield
stresses was observed (Fig. 18(c)) with r45 > r0 > r90. Theforming limits decrease with increasing R0 as shown in
Fig. 20(c). The critical band orientation is a constant (0)
for all the cases. Once again, the critical band orientation
for balanced biaxial tension is at the highest R-value.
(d) Linearly increasing: Six cases with increasing R90 (1.25 to
3.125 R0) have been considered as shown in Fig. 17(d) with
a constant R0 and R0 < R45 < R90. Furthermore, R45 was con-
sidered to be the average of R0 and R90 values. The yield
stresses also have a similar trend (increasing) for cases up
Fig. 25. FLD’s obtained using CPB06 yield function ﬁt to the combinations of R-
values and yield stresses in Fig. 22(a) and (b) respectively with Hill-93 type yield
locus (Fig. 22(c)) for a constant band orientation on 0.
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(f), an initial decrease in the yield stress (below r0) is
followed by an increase at about 16.5 and 31 was
observed. Note that rb < r90 and there is an increase in rb
with increasing R90. However, there is a decrease in the
forming limits with increasing R90. This decrease is in part
due to the changing critical band orientations, but is more
likely due to the increasing bi-axial stresses as shown in Sec-
tion 3.4.1(c) (similar to the effect of bi-axial stresses shown
in Fig. 11(a)). The critical band orientation at balanced biax-
ial tension, in general, decreases with an increase in R90 as
shown in Fig. 21(d). It is equal to 90 for cases up to
R90 = 1.75 R0 (cases (a)–(c)). This decrease in the critical band
orientation is associated with the orientation at which the
yield stress starts increasing (following an initial decrease
in some cases as described above) and the location of the
highest R-value (is typically towards the orientation of the
highest R-value). Furthermore, the strain ratio at which the
critical band orientation starts increasing above 0, increases
with increasing R90. This is associated with the increasing
difference between the highest and the lowest R-values
(with orientation).
(e) Symmetric inverse: Seven cases with increasing R45 (1.125 to
3.125 R0) with R0 = R90 and R45 > R0 were considered. The
R-value with orientation curve is symmetric about R45 as
shown in Fig. 17(e). The yield stresses predicted with the
various orientations have an opposite trend compared to
the R-values (Fig. 18(e)). Furthermore, there is no change
in the yield locus predicted for these cases. The critical band
orientations are plotted in Fig. 21(e) and are zero up to a cer-
tain strain ratio, which decreases with increasing R45 (which
provides further evidence for a relation between the differ-
ence between the highest and lowest R-values and the strain
ratio at which the orientation starts increasing). The critical
band orientation for balanced biaxial tension is 45 for all
the cases considered, which corresponds to the orientation
of the highest R-value and the lowest yield stress. Finally,
the predicted forming limits for all the cases are equal up
to the strain ratio at which the critical band orientation
starts increasing. Up to this strain ratio, the critical band ori-
entation is zero, and since all of the other parameters for this
orientation are the same, there is no change in the forminglimits. For strain ratios above this, the forming limits
decreases with increasing R45 due to an increase in the R-val-
ues with increasing orientation.
(f) Non-symmetric inverse: Five cases were considered with
R0 = 0.8, R0 < R90 < R45 and R90 = 1.1 for the ﬁrst three cases
while R90 = 1.2 for the last two. In each of these cases the
R45 was varied between 1.5 to 1.875 R0 as plotted in
Fig. 17(f). Again the yield stresses have an opposite trend
(Fig. 18(f)). The critical band orientations are plotted in
Fig. 21(f). Similar to the previous case, the critical band ori-
entations for balanced biaxial tension is at about the same
orientation as that of the peak R-value and lowest yield
stress. The critical band orientation for cases (b) and (d)
are similar while that for cases (c) and (e) are similar. The
forming limit diagrams show a similar trend as well, (i.e.,
FLD’s in cases (b) and (d), (c) and (e) are similar) as shown
in Fig. 20(f). This is due to similar R-value trends between
0 and 45o in cases (b) and (d). Also the difference in the
R-values beyond 45 in these cases does not seem to have
any effect on the FLD. The same can be concluded for cases
(c) and (e). Furthermore, forming limits for all the cases
are equal up to the strain ratio at which the critical band ori-
entation starts increasing (0.6 for cases (b) and (d) and
0.52 for cases (c) and (e)).
Based on the above predictions, the following conclusions can
be made:
(a) The critical band orientation for equibiaxial loading (q = 1) is
typically
 In the direction of lowest yield stress if it is at orienta-
tions other than zero.
 In the direction of highest R-value if the lowest yield
stress is along rolling direction.
(b) The difference between the highest and lowest R-values
determines the strain ratio at which the critical band orien-
tation starts increasing above zero for positive strain ratios.
The higher the difference, the lower the strain ratio at which
the critical band orientation starts increasing.
3.4.2.2. CPB06 yield function. Predictions in the previous section
show that, one of the major disadvantages of parametric studies
with yield functions such as Hill-48 is that a change in R-value is
associated with a corresponding change in the yield stress with ori-
entation (and vice versa depending on method of determining the
parameters of the yield function). However, CPB06 provides an
advantage in this regard as demonstrated in the previous sections.
In order to determine the effect of anisotropy of both yield stress
and R-values, a total of 18 cases have been considered. These cases
involve combination of 3 different yield stress and R-values with
orientations as shown in Fig. 22(a) and (b) respectively along with
2 yield surface shapes, Hill-93 and Barlat-89 (case with exponent,
M = 8 is a representative of the typical yield surface for FCC mate-
rials such as aluminum) as shown in Fig. 22(c). In case of the R-val-
ues, R0 and R90 were held constant at 0.8 and 1.1 and three
different values of R45 were considered (0.6, 1.0 and 1.6) to obtain
three different variants of the R-value-orientation curves, which
will be represented as A, B and C respectively (Fig. 21(a)). Similarly,
for yield stresses, r0 and r90 were held constant at 98.6 and 105
while three values of r45 were considered (95, 102.5 and
115 MPa) to obtain the three variants of yield stress-orientation
curves, which will be represented as 1, 2 and 3 respectively
(Fig. 22(b)). The two different yield surfaces were generated by
employing a bi-axial stress of 96.8 MPa. Since the yield stresses
along 0 and 90 together with the bi-axial stresses are constants
Fig. 26. FLD’s obtained using CPB06 yield function ﬁt to the combinations of R-values and yield stresses in Fig. 22(a) and (b) respectively with Barlat-89 type yield locus
(Fig. 22(c)) for a constant band orientation on 0.
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tion curves (Fig. 22(a) and (b) respectively), the yield surface shape
(in each of the 9 cases for Hill-93 and Barlat-89 yield surfaces)
would also be a constant for any combination of these curves.
(a) Hill-93: The FLD’s and critical band orientations obtained
using the Hill-93 yield surface is presented in Fig. 23. The
curves are named based on the letter used for the R-values
and yield stresses curves in Fig. 22(a) and (b) respectively.
For example the FLD obtained using curve ‘A’ for R-value
and curve ‘1’ for yield stress is named ‘A-1’.
(a) Fig. 23(a) and (b) show the predicted FLDs and critical
band orientations obtained by using curve ‘A’ for R-val-
ues in Fig. 22(a) for the 3 yield stress cases (1, 2 and 3)
in Fig. 22(b) respectively (represented as curves A-1, A-
2 and A-3 respectively). The FLD’s in all three cases for
negative strain ratios are very similar. For positive strain
ratios, the forming limits are similar up to the strain
ratio at which the critical band orientations starts
increasing above zero and increases for the three yield
stress cases 1, 2 and 3 respectively. The yield stress
change causes a change in the critical band orientation
which in turn affects the FLD’s. The critical band orienta-
tion at balanced biaxial tension for cases A-1 is in the
direction of lowest yield stress (45) while that for cases
A-3 is in the direction of highest R-value (since thelowest yield stress is at 0). These are consistent with
the observations of the previous 0 with Hill-48 yield
function.
(b) Fig. 23(c) and (d) show the predicted FLDs and critical
band orientations obtained by using curve ‘B’ for R-val-
ues in Fig. 22(a) for the 3 yield stress cases (1, 2 and 3)
in Fig. 22(b) respectively (represented as B-1, B-2 and
B-3 respectively). The FLD’s predicted in cases of both
B-2 and B-3 are very similar due to the same critical
band orientations. In case of B-1, the predicted forming
limits are equal to that obtained for the other two cases
up to the strain ratio at which the critical band orienta-
tion starts increasing (0.45) and decreases for higher
strain ratios. This decrease is a result of the decrease in
the yield stress for this case (yield stress curve ‘1’ in
Fig. 22(b)). Furthermore, the critical band orientations
for balanced biaxial tension in case B-1 is in the direction
of lowest yield stress (45) while that for cases B-2 and B-
3 are in the direction of highest R-value (90) (since the
lowest yield stress is at 0). Again these are consistent
with the observations presented in the previous section.
(c) Fig. 23(e) and (f) show the predicted FLD and critical
band orientations obtained using curve ‘C’ for R-values
in Fig. 22(a) for the 3 yield stress cases (1, 2 and 3) in
Fig. 22(b) respectively (represented as C-1, C-2 and C-3
respectively). All three cases yield the same FLDs and
Fig. 27. Yield locus predicted using CPB06 yield function ﬁt to the combinations of R-values and yield stresses in Fig. 23(a) and (b) respectively with Barlat-89 type yield locus
(Fig. 23(c)) for a constant band orientation on 0.
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variation with orientation. Also the critical band orienta-
tion for unit strain ratio (is 90) are not consistent with
the ﬁndings of the previous section (should have been
at 45 for all three cases, C-1 in direction of the lowest
yield stress and C-2 and C-3 in the direction of highest
R-value since lowest yield stress for these cases is at 0).(b) Barlat-89: The FLD’s and critical band orientations obtained
by using Barlat-89 yield surface are shown in Fig. 24. The
forming limits for negative strain ratios are similar for all 9
combinations of R-values and yield stresses. Also the magni-
tudes of both forming limits and the critical band orienta-
tions for the negative strain ratios are lower than that
obtained using the Hill-93 yield surface. From the previous
section it was found that for positive strain ratios, the form-
ing limits up to the strain ratio at which the critical band
orientation is constant were very similar. However, this is
not observed here (for example, the band orientations for
cases C-1, C-2 and C-3 in Fig. 24(e) is zero for strain ratio
between 0 and 0.45, however the FLD predictions for all
these cases in Fig. 24(e) are very different for all the strain
ratios).
In order to investigate the cause of this difference, FLD simula-
tions at a constant band orientation of 0 were performed (i.e.,without varying the band orientations). The nine FLD predictions
obtained with Hill-93 yield surface are almost same as shown in
Fig. 25. However, this is not the case with the forming limits ob-
tained with the Barlat-89 yield surface as shown in Fig. 26.
Although, some cases are close, none of them are as close as that
obtained in case of the Hill-93. Since the R-values and yield stres-
ses are same in these cases (0.8 and 98.6 MPa at 0), the only
difference might be the yield surface. The predicted yield surfaces
are plotted in Fig. 27. The yield surfaces appear very similar, with
slight differences in the curvature between (r0,0) and (rb,rb).
These slight differences result in signiﬁcant differences in the pre-
dicted forming limits (plotted in Fig. 26). When the yield surfaces
and the corresponding FLDs in Figs. 26 and 27 are compared, it
can be concluded that increasing the curvature of the yield surface
between (r0,0) and (rb,rb) (as shown in Fig. 27(c)) increases the
forming limits for positive strain ratios and vice versa. These re-
sults are consistent with that obtained for the aluminum 5754
(Fig. 8) with crystal plasticity and Barlat-89 type yield surfaces.
The crystal plasticity yield surface has a lower curvature (evolves
almost straight from (+rx,0) towards (+rb, +rb)) than that of Bar-
lat-89 in this region and yields low forming limits (for positive
strain ratios).
It is very clear that the forming limits obtained with aluminum
type yield surfaces (such as that predicted by the Barlat-89 yield
function) is very sensitive to slight differences in yield surface
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ployed in simulations coupled with the M–K analysis especially
when using yield functions such as CPB06. This suggests that the
yield surface shape is the most important aspect when using phe-
nomenological yield functions to determine forming limits from
MK analysis. This also explains the reasonably good FLD predic-
tions obtained with certain yield functions in Fig. 5 although these
yield functions do not accurately capture the anisotropy.
4. Conclusions
The forming limit diagrams of a continuous cast AA-5754 Alu-
minum alloy has been obtained using M–K analysis. Five yield
functions including Hill-48, Barlat-89, Hill-90, Hill-93 and CPB06
were considered to incorporate the anisotropic behavior into
M–K analysis. Yield functions other than CPB06 were able to cap-
ture the trend in variation of either the yield stress or the R-values
with orientation (with respect to the RD) but not both at the same
time. Signiﬁcant difference in limit strains were observed depend-
ing on the method used to determine the parameters of the yield
function, especially in Hill-90. In the bi-axial stretch region of the
FLD, Hill (1948) yield criterion tends to accurately capture the
trend of the limit strains in AA-5754 while Barlat and Lian
(1989) tends to under-estimate the strains. Signiﬁcantly different
FLD predictions were obtained for the ﬁve cases considered with
CPB06 yield function, which was ﬁt to ﬁve different yield surface
shapes with the same anisotropy in R-values and yield stresses.
CPB06 yield function ﬁt to Hill-93 yield function provided the most
accurate forming limit predations while the CPB06 yield function
ﬁt to both crystal plasticity and Barlat-89 yield surface shape pro-
vided the lowest forming limits.
The inﬂuence of yield surface shape, anisotropy in yield stresses
and R-values has also been investigated in this study. From the var-
ious cases of anisotropy in R-values and yield stresses considered,
it has been found that the critical band orientation for equibiaxial
loading is usually in the direction of lowest yield stress if it is at an
orientation other than zero or in the direction of highest R-value if
the lowest yield stress along rolling direction. Further, the differ-
ence between the highest and the lowest R-values determines
the strain ratio at which the critical band orientation starts increas-
ing above zero for positive strain ratios. The increase starts at a
lower strain ratio if the difference is higher.
Finally, the yield surface shape has been found to be the most
inﬂuential factor on the forming limit predictions using MK analy-
sis with phenomenological yield functions. The predictions are
very sensitive to the curvature of the yield surface between(r0,0) and (rb,rb) especially in Aluminum type yield surface
shapes such as that obtained by Barlat-89. Increasing the curvature
usually increases the forming limits.
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